Abstract. We give geometric formulae which enable us to detect (completely in some cases) the regular homotopy class of an immersion with trivial normal bundle of a closed oriented 3-manifold into 5-space. These are analogues of the geometric formulae for the Smale invariants due to Ekholm and the second author. As a corollary, we show that two embeddings into 5-space of a closed oriented 3-manifold with no 2-torsion in the second cohomology are regularly homotopic if and only if they have Seifert surfaces with the same signature. We also show that there exist two embeddings F 0 and F 8 : T 3 ֒→ R 5 of the 3-torus T 3 with the following properties: (1) F 0 ♯h is regularly homotopic to F 8 for some immersion h : S 3 R 5 , and (2) the immersion h as above cannot be chosen from a regular homotopy class containing an embedding.
Introduction
The Smale-Hirsch theory [5, 12] reduces the problem of enumerating regular homotopy classes of immersions to homotopy theory. However, the problem of determining the regular homotopy class of a given immersion remains nontrivial. Here we address this problem in the case of immersions of 3-manifolds into R 5 having trivial normal bundles. We concentrate on immersions with trivial normal bundles, since we want to apply our results to the following question: Which regular homotopy classes of immersions of an oriented 3-manifold into R 5 contain embeddings? Note that embeddings of oriented 3-manifolds into R 5 have trivial normal bundles.
History.
The problem of reading off the regular homotopy class of an immersion from its picture was posed by Smale [12] . For the particular case of immersions of the n-sphere S n into R 2n , it had already been shown by Whitney [17] that the double points of an immersion S n R 2n determine its regular homotopy class. This result has been extended by Ekholm [1, 3] to immersions S n R 2n−1 (n ≥ 4) and S n R 2n−2 . On the other hand, a result by Hughes and Melvin [7] suggested that no further extension was possible. Namely they have shown that there are embeddings S 4k−1 ֒→ R 4k+1 not regularly homotopic to the standard one. Therefore the multiple points do not determine the regular homotopy class of an immersion.
Still the original problem posed by Smale has been answered by Ekholm and Szűcs [4] for immersions S 4k−1 R 4k+1 by considering "singular Seifert surfaces" bounded by the immersions.
Immersions of closed oriented 3-manifolds into R 5 were investigated by Wu [18] . Using the homotopy theoretical reduction provided by the Smale-Hirsch theory he has shown that the regular homotopy classes of immersions of a closed oriented 3-manifold M 3 into R 5 can be characterised by two invariants as follows.
(1) The first one is a second cohomology class of M 3 : "half of the normal Euler class". (2) The second invariant is an integer (for immersions with trivial normal bundles).
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Now we can list our results:
i) We shall give a geometric description of the first invariant in the first part of Section 3. We call it "the Wu invariant". Note that for an embedding M 3 ֒→ R 5 the Wu invariant is either zero or an element of order two in the second cohomology group H 2 (M 3 ; Z) of M 3 . ii) We show that given any second cohomology class in H 2 (M 3 ; Z), which is zero or has order two, there exists an embedding M 3 ֒→ R 5 of the oriented 3-manifold M 3 with Wu invariant equal to the given cohomology class (Theorem 3.8). iii) We define an action of the group Imm[S 3 , R 5 ] of regular homotopy classes of immersions of S 3 into R 5 on the set Imm[M 3 , R 5 ] 0 of regular homotopy classes of immersions of the 3-manifold M 3 into R 5 with trivial normal bundles by taking connected sums of immersions. In Section 4, we show that this action is effective and its orbits coincide with the regular homotopy classes of immersions having the same Wu invariant. iv) In Section 5, we express the second invariant (which is an integer) through singularities of any singular Seifert surface. Actually we prove two formulae, analogous to those proved by Ekholm and Szűcs [4] for immersions of S 3 into R 5 . v) In Section 6, we prove a few rather surprising corollaries concerning the question mentioned above about the regular homotopy classes containing embeddings. Although these corollaries hold more generally, we formulate them for the simplest manifold for which these surprising phenomena occur, namely for the 3-dimensional torus In other words, the double points of the immersion h cannot be eliminated by regular homotopy, but they can be eliminated after being taken connected sum with any embedding of the 3-torus. vi) In Section 7, we give some corollaries concerning the number of cusps a singular Seifert surface can have. We will use the following notation throughout the paper. By Imm 
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5 with trivial normal bundles. By M 3 we will always denote a smooth, closed, oriented 3-manifold.
We denote by Γ 2 (M 3 ) the finite subgroup of H 2 (M 3 ; Z) formed by zero and all elements of order two.
The punctured manifold of M 3 will be denoted by M 3
is a 3-disk) and the i-skeleton of a manifold M by sk i M .
Throughout the paper, manifolds and maps are of class C ∞ . The symbol "≈" denotes an appropriate isomorphism between algebraic objects; "≃" and "∼ r " mean "homotopic" and "regularly homotopic" respectively.
Geometric formulae for the Smale invariants
given by Hughes-Melvin and by Ekholm-Szűcs
Hughes [6] has shown that Imm[S n , R N ] has a group structure under connected sum and the Smale invariant
actually gives a group isomorphism, where V N,n denotes the Stiefel manifold of n frames in the N -space. Hughes and Melvin [7] 
where Ω is the Smale invariant and σ(V for f . Here, "≈" denotes a group isomorphism. Their result has been extended by the third author to Z 2 -homology 3-spheres [14] . Trying to extend it further was the starting point of the present paper.
As we mentioned in the introduction,
(1) this result shows the impossibility of determining the regular homotopy class of an immersion by its multiple points, and (2) it has been shown in [4] that Hughes-Melvin's formula stating that the Smale invariant of an embedding is equal to 3/2 times the signature of any Seifert surface bounded by the embedding can be extended to immersions if we allow "singular Seifert surfaces".
Since we are going to generalise the result (2) to immersions of arbitrary oriented 3-manifolds with trivial normal bundles, we recall it in detail. Let f : S 3 R 5 be an immersion and V 4 an arbitrary compact oriented 4-manifold with ∂V 4 = S 3 . The map f extends to a generic map f : V 4 → R 5 which has no singular points near the boundary. This map f has isolated cusps, each of which has a sign. Let us denote by #Σ 1,1 ( f ) their algebraic number. Let us denote by Ω(f ) the Smale invariant of f . The first formula for the Smale invariant given by [4] is the following:
Before giving the second formula for the Smale invariant we recall some definitions from [4] . Let V 4 be as above and let f :
+ be a generic map nonsingular near the boundary, such that f
+ is the upper half space in R 6 and R 5 = ∂R
6
+ . The double point set ∆( f ) ⊂ V 4 of the map f is 2-dimensional, and on the boundary of f (∆( f )) lies the image Σ of the singular points of f , which is 1-dimensional. Furthermore, triple points appear as isolated points, each of which has a sign. We denote the algebraic number of triple points of f by t( f ).
Definition 2.2 (Definition 4 in [4]
). Let ∆ = ∆(f ) be the set of double points of f and f (∆) its image. Then f (∆) is a closed 1-manifold in R 5 . Since S 3 is 2-connected, f has a unique (up to homotopy) normal framing (n 1 , n 2 ). Let f (∆) ′ be the manifold obtained from f (∆) by shifting slightly along the vector field, q → n 1 ( 
As is stated in [4, Remark 5] , the above definition of l makes sense for immersions of arbitrary closed oriented 3-manifolds. Furthermore, the definition of L can be extended to the case of framed immersions -immersions with trivial normal bundles and endowed with normal framings -of closed oriented 3-manifolds, which are not necessarily S 3 . We review this extension here, since it will be necessary later.
Definition 2.5 (see [4, Remark 5] ). Let F be a framed immersion with a normal framing ν, of a closed oriented 3-manifold M 3 into R 5 . Let ∆ = ∆(F ) be the set of double points of F and F (∆) its image. Let n 1 and n 2 be the two linearly independent normal vectors of F determined by ν. Define the vector field w along F (∆) by w(q) = n 1 (p 1 ) + n 1 (p 2 ), where 
R
5 is of the form 2C for some C ∈ H 2 (M 3 ; Z), and for
where
the set of regular homotopy classes of immersions with normal Euler class χ ∈ H
2 (M 3 ; Z), "⌣" represents the cup product and "≈" denotes a bijection. 
. The first part of the above theorem is based on the fact that the normal Euler class χ F is the pullback ξ *
Z) which appears in the second part of the theorem is nothing but the pullback ξ * 3 ). Note that Theorem 3.1 can also be applied to the nonclosed 3-manifold M
3
• and gives the following bijection:
Note that elements of order two in H 2 (M 3 ; Z) can be naturally identified with those in
is called the Wu invariant of the immersion of the parallelised 3-manifold with trivial normal bundle. It can be described in two equivalent ways:
Next we shall give a more geometric description of the Wu invariant c(F ) ∈ Γ 2 (M 3 ). A normal trivialisation ν of F (together with the tangent trivialisation and the differential of F ) defines a map
, then the class c F changes by ρ(z), where ρ is the mod 2 reduction map
The cokernel of ρ can be identified with Γ 2 (M 3 ) by the canonical map induced by the Bockstein homomorphism (see below). Under this identification, the coset of c F corresponds to the Wu invariant This geometric description will follow from the lemmas below. Let F : M 3 R 5 be an immersion with trivial normal bundle. Choosing a normal framing ν for F , we naturally obtain a map ϕ ν,F : M 3 → SO(5).
) does not depend on the choice of the normal framing ν, and is equal to c(F ).
Proof. From the Gysin exact sequence of the SO(2)-bundle p :
is equal to c(F ) and does not depend on the choice of the normal framing ν.
Consider the following commutative diagram:
where each horizontal line is a part of the cohomology exact sequence associated with the coefficient exact sequence 0 −→ Z ×2 −→ Z −→ Z 2 −→ 0, each vertical line is the homomorphism induced by ϕ ν,F , and each β is the Bockstein homomorphism. Proof. Since H 1 (SO(5); Z) = 0 and H 2 (SO(5); Z) ≈ Z 2 in the diagram above, we see that β(y) = x. Hence ϕ ν,F * (x) = β(ϕ ν,F * (y)). Then the result follows directly from Lemma 3.4.
Remark 3.6. Lemma 3.5 implies that the coset of the class ϕ ν,F
) does not depend on the choice of the normal framing ν.
) by the exact sequence above. Thus, under this isomorphism, we have c(
, where the bracket means the coset modulo the image of ρ.
Since the class c F ∈ H 1 (M 3 ; Z 2 ) mentioned above is nothing but the homomorphism (ϕ ν,F ) * :
where we consider the second y as the identity homomorphism
Henceforth we often identify 
Consider the spin structure of M 3 corresponding to 0 ∈ H 1 (M 3 ; Z 2 ) under the identification in Remark 3.7. Then by a result of Kaplan [8] , there exists a framed 4-manifold W such that (1) ∂W = M 3 , (2) the framing of W restricted to the 2-skeleton sk 2 M 3 of M 3 coincides with the given spin structure of M 3 , (3) W has a special handlebody decomposition, consisting of one 0-handle and some 2-handles attached to the 0-handle simultaneously. Since W is a nonclosed spin 4-manifold, it is parallelisable and so it can be immersed into R 5 . Furthermore, since W has a 2-complex as its spine, its immersion into R 5 can be deformed into an embedding. Take an embedding F : W ֒→ R 5 and set
. Taking the normal framing ν for F corresponding to the normal vector field of M 3 ⊂ W , we see that the map ϕ ν,F : M 3 → SO(5) restricted to the 2-skeleton can be written as the following composition:
where W → SO(5) is the map determined by the differential of F using the given framing on W . Thus ϕ ν,F
In the case when C cannot be written as [0] with 0 ∈ H 1 (M 3 ; Z 2 ), put C = [γ] with γ = 0 ∈ H 1 (M 3 ; Z 2 ). As in (A), consider the spin structure of M 3 corresponding to γ ∈ H 1 (M 3 ; Z 2 ), and take an embedding G : W ֒→ R 5 of a 4-manifold W with ∂W = M 3 such that W has the same properties as in (A). Set G = G| M 3 .
In order to show that C(G) = [γ], recall that we have fixed a trivialisation τ of T M
3 to obtain the map c :
. If we take another trivialisation τ ′ of T M 3 , then we obtain another map
and with respect to this new trivialisation τ ′ , we have a new map
and a new induced homomorphism
which satisfies Lemma 3.5. Furthermore, if we choose τ ′ so that τ ′ | sk2M 3 corresponds to −γ = γ ∈ H 1 (M 3 ; Z 2 ) as a spin structure, then we have
and hence
Since the restriction of ϕ
to the 2-skeleton sk 2 M 3 can be decomposed into the same composition Let M 3 be a closed oriented 3-manifold. Let D 3 be a 3-disk, which from now on we will often identify with the northern hemisphere of the 3-sphere
is an immersion with trivial normal bundle such that F 0 | D 3 coincides with the standard embedding S 3 ֒→ R 5 restricted to the northern hemisphere. For an immersion f : S 3 R 5 , we may assume that f restricted to the southern hemisphere is standard. Then consider the map
The normal bundle of F 0 is trivial and if F 0 is modified on D 3 , then its normal bundle does not change. Furthermore, c(F 0 ) also does not change under this operation, since the invariant c is determined by the immersion restricted to a neighbourhood of the 2-skeleton of M 3 . Therefore, if we define, for
then we can in fact define the map
The following proposition is an analogue of Proposition 3.1 in [14] .
Proposition 4.1. The map
is a bijection.
Proof. As it has been mentioned in the paragraph just after Remark 3.2, we have
• ; Z) = 0. This means that ♯ F0 is surjective.
Let us prove the injectivity. For two immersions f and g : S 3 R 5 , we have
Note
3 considered as a 3-cell, and 0 ∈ π 3 (V 5,3 ) to the other 3-cells. Then we have
using the fact that 2c(F 0 ) = 0 and the following lemma. 
, and (b) there exist a 1-cocycle X 1 and a 2-cochain Y 2 such that
Note that Σ 2 is the generator of H 2 (V 5,3 ; Z) ≈ Z and that 
Furthermore,
This completes the proof of Proposition 4.1. (Note that this last argument also shows that the map ♯ F0 is indeed well-defined.)
Remark 4.3. The proposition above implies that for each C ∈ Γ 2 (M 3 ), the action of
is effective and transitive.
Geometric formulae for
In this section, we shall define an integer invariant
which together with the Wu invariant c will give a bijection
Actually we shall give two different geometric expressions for i -denoted by i a and i b -which are analogues of the formulae in [4] . Then we show that they coincide. Proof. By [8] , there exists a 1-connected compact oriented spin 4-manifold V with ∂V = M such that the spin structures on M 3 induced by W and V coincide with each other. Then by Rohlin's theorem, σ(V ) − σ(W ) = σ(V ∪ −W ) ≡ 0 (mod 16). Thus we have only to show the assertion for V instead of W .
Since V is 1-connected, we have the exact sequence
where the map Q is identified with the intersection form of V through the Poincaré-Lefschetz duality H 2 (V, ∂V ; Z) ≈ H 2 (V ; Z). By taking an appropriate basis for H 2 (V ; Z), we may assume that the matrix representative of Q is of the form Q 0 ⊕ Q 1 , where Q 0 is the zero form and Q 1 is nonsingular. Then Q 1 can be regarded as a presentation matrix of τ H 1 (M 3 ; Z) and its size has the same parity as σ(V ). Now, since V is spin, its intersection form is of even type. Thus all the diagonal entries of (Q 1 ) 2 are zero, where (Q 1 ) 2 denotes the reduction modulo two. Now, it is an easy exercise to show that the size of such a matrix has the same parity as the dimension of the Z 2 vector space τ H 1 (M 3 ; Z) ⊗ Z 2 which it presents. Thus the result follows. 
We will see later that this is always an integer. 
by Lemma 3 in [13] , which claims that for any generic map g : X 4 → R 5 of a closed oriented 4-manifold X 4 , the equality #Σ 1,1 (g) + 3σ(X 4 ) = 0 holds. Thus the result follows. Suppose that the normal vector fields along F (M 3 ) in F (W ) and in F ′ (W ′ ) are not homotopic. We may assume that both normal vector fields are of equal constant length. Let M + and M ′ + be formed by the endpoints of vectors of these two normal vector fields. Then we may assume that M + and M ′ + intersect each other along a surface S + which is the image of a surface S ⊂ M 3 by the map associating to x ∈ M 3 the endpoint of the normal vector at F (x). Thus,
, into the image of a smooth generic map which has only Whitney umbrella singular points on S and no other singularities nearby. Now we can apply Lemma 3 in [13] again. This completes the proof. The tangent bundle of the cylinder
is the projection, and ε 1 is the trivial line bundle. We may assume that the regular homotopy H t is such that H t = F for t < 2ε and H t = G for t > 1 − 2ε. Now we define the bundle monomorphism Φ :
This map is monomorphic on each fibre indeed, since ν t is normal to dH t (T M 3 ). Furthermore, it coincides with the differentials of the immersions h [0,ε) and h (1−ε,1] over the collars. Hence -by the relative version of Hirsch's theorem -there is an immersion H ′ : M 3 × I R 5 which coincides with the given immersions on the collars. Let F : W F → R 5 and G : W G → R 5 be generic maps as in Definition 5.3. Now via the smoothing process as in the proof of Lemma 5.5, we obtain a generic map [13] we obtain that i a (F ) = i a (G). Let us consider the effective and transitive group action described in the previous section restricted to just one orbit:
C 0 (by Theorem 3.8, such an embedding exists). Let us consider the map
This map is bijective by Proposition 4.1. Compose it with the map
a . Indeed, for any embedded Seifert surface W F0 for F 0 we have
and for a singular Seifert surface of F 0 ♯f one can take the boundary connected sum of the Seifert surface W F0 for F 0 with any singular Seifert surface for f . Hence the map i a is injective. The following theorem states that the invariant i b is well-defined, and it is a regular homotopy invariant. In particular it implies that i b (F ) does not depend on the choice of the normal framing ν for F , either. 
Here we need the following lemma. R 5 f0g
for any normal framing ν for F .
Proof. We can extend ν to the whole cylinder M 3 × I using the regular homotopy H. We shall denote this extended normal field also by ν. Since on D 3 × {0} ⊂ M 3 × {0}, the normal field ν coincides with the homotopically unique normal framing of (F 0 ♯f )| D 3 , we have
(Indeed, recall that for an immersion the invariant L ν was defined as the linking number of the image of the immersion with the curves formed by the double points of the immersion pushed off out of the image of the immersion into the direction defined by ν. Since F 0 is an embedding the equality follows.) Furthermore, one can show that
in the same way as in [2] . This completes the proof of Lemma 5.9.
−p 1 (X 4 ) = χ ⌣ χ ∈ H 4 (X 4 ; Z) ≈ Z = e · e ∈ H 0 (X 4 ; Z) ≈ Z = the self-intersection of ∆ in X for an integer k ∈ Z, which is a contradiction. Here the fourth equality i(F 0 ♯h) = i(F 0 )+Ω(h) follows from the obvious remark that for a Seifert surface of the connected sum F 0 ♯h one can choose the boundary connected sum of the Seifert surfaces of the embeddings F 0 and h. The Smale invariant Ω(h) is a multiple of 24 by the result of Hughes and Melvin [7] Proof. Let h : S 3 R 5 be any immersion with Smale invariant Ω(h) = 12. Then h is not regularly homotopic to an embedding again by the result of Hughes-Melvin [7] . We show that for any embedding E : T 3 ֒→ R 5 the connected sum E♯h is regularly homotopic to an embedding. For this purpose we first compute the i-invariant of E♯h and then produce an embedding with the same i-invariant. Since the i-invariant determines the regular homotopy class completely, we obtain that E♯h is regularly homtopic to the embedding.
The following sequence of equalities hold:
i(E♯h) = i(E) + Ω(h) = 3 2 σ(W E ) + 12 = 3 2 · 8k + 12 = 12(k + 1).
Here the first equlaity holds, since we can form the boundary connected sum of the Seifert surface W E of E with that of h even if the latter is a "singular" one (i.e. it is a generic map with boundary h, not necessarily an embedding). The number k = σ(W E )/8 is an integer by part (b) of Proposition 6.1. Let e n : S 3 ֒→ R 5 be an embedding with Smale invariant Ω(e n ) = 24n, where n = k/2 if k is even and n = (k + 1)/2 if k is odd.
Now we see that if k is even, then i(F 8 ♯e n ) = i(E♯h). If k is odd, then i(F 0 ♯e n ) = i(E♯h).
Number of cusps of singular Seifert surfaces
The present section is not along the main line of the paper. Here as a byproduct of our formulae for i a and i b , their correctness, integrality and coincidence, we prove a few simple corollaries on the number of cusps a singular Seifert surface can have. Proof. Otherwise, restricting f to the closure of an appropriate neighbourhood of a component of Σ(f ), we would get a contradiction to the integrality of the invariant i a and Lemma 5.2. 
